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Abstract
An approach to motion planning among moving ob-
stacles is presented, whereby obstacles are modeled
as intelligent decision-making agents. The decision-
making processes of the obstacles are assumed to be
similar to that of the mobile robot. A probabilistic ex-
tension to the velocity obstacle approach is used as a
means for navigation and modeling uncertainty about

the moving obstacles’ decisions.

1 Introduction

Motion planning for a robot in an environment
containing obstacles is an old and basic problem in
robotics. For the task of navigating a mobile robot
among moving obstacles, numerous approaches have
been proposed. However, moving obstacles are most
commonly assumed to be traveling without having any
perception or motion goals (i.e. collision avoidance or
goal positions) of their own.

In the expanding domain of mobile service robots
deployed in natural, everyday environments, this as-
sumption does not hold, since humans (which are
the moving obstacles in this context) do perceive the
robot and its motion and adapt their own motion ac-
cordingly. Therefore, reflective navigation approaches
which include reasoning about other agents’ naviga-
tional decision processes become increasingly interest-
ing.

In this paper an approach to reflective navigation
is presented which extends the velocity obstacle nav-
igation scheme to incorporate reasoning about other
objects’ perception and motion goals.

1.1 Related Work

Predictive navigation is a domain where a predic-
tion of the future motion of the obstacles is used to
yield more successful motion (with respect to travel
time or collision avoidance), see for example [3, 6].

However, reflective navigation approaches are an ex-
tension of this concept, since they include further rea-
soning about perception and navigational processes of
moving obstacles.

The velocity obstacle paradigm, which belongs to
the class of predictive navigation schemes, has been
presented by Fiorini and Shiller [2] for obstacles mov-
ing on straight lines, and has been extended by Shiller
et al. [7] for obstacles moving on arbitrary (but known)
trajectories.

Modeling other agents’ decision making similar to
the own agent’s decision making is used by the re-
cursive agent modeling approach [4], where the own
agent bases its decisions not only on its models of
other agents’ decision making processes, but also on
its models of the other agents’ models of its own deci-
sion making, and so on (hence the label recursive).

1.2 Overview

The remainder of this paper is organized as follows:
The basic velocity obstacle approach is briefly intro-
duced in Section 2, and its probabilistic extension is
presented in Section 3. Now being able to cope with
uncertain obstacle velocities, Section 4 describes how
to recursively apply the velocity obstacle scheme in
order to create a reflective navigation behavior. An
implementation of the approach and an experiment
are given in Section 5. After discussing the presented
work in Section 6, Section 7 concludes the paper.

2 Review: Velocity Obstacles

This section gives a brief introduction to the origi-
nal velocity obstacle approach [2].

Let B; and Bj be circular objects with centers c;
and ¢; and radii 7; and r;, moving with constant ve-
locities v; = ¢; and v; = ¢;. To decide if these two
objects are on a collision course, it is sufficient to con-



sider their current positions together with their rela-
tive velocity v;; = v; — vj, see Fig. 1. Let
By ={cj+r|r e®,|r| <ri+715}, (1)
Aij = {ci + pwij | p > 0} 2)

Then B; and B; are on a collision course, if and only
if Bi]’ N )‘ij #* .

Figure 1: Collision cone and velocity obstacle

Therefore we can define a set of colliding relative
velocities, which is called the collision cone CCj;, as

CCyj = {vij | Bij N \ij # 0} (3)

In order to be able to decide if an absolute veloc-
ity v; of B; leads to a collision with B;, we define the
velocity obstacle of B; for B; to be the set

VOi; = {vi| (vi —v;) € CCy}, (4)
which is, in other words,
VO;; =v; + CCy;. (5)

Now for B;, any velocity v; € VO;; will lead to a
collision with B;, and any velocity v; ¢ VO;; for B;
will avoid any collision with Bj;.

In general, object B; is confronted with more than
one other moving object. Let B = {By,...,B,} the
set of moving objects under consideration. The veloc-
ity obstacle of B for B; is defined as the set

VO,; = Uj24 VOZ']'. (6)

For any velocity v; ¢ VO;, object B; will not collide
with any other object.

Finally, a simple navigation scheme based on ve-
locity obstacles can be constructed as following. The
moving and non-moving obstacles in the environment

are continuously tracked, and the corresponding ve-
locity obstacles are repeatedly computed. In each cy-
cle, a velocity is chosen which avoids collisions and
approaches a motion goal, for example a maximum
velocity towards a goal position, or a velocity mini-
mizing the difference to a target velocity in order to
coordinate the motion with another object [5].

3 Probabilistic Velocity Obstacles

Let B; and B; be circular objects with centers c;
and ¢; and radii r; and 7; as in the preceeding sec-
tion. However, now we will consider uncertainty in
shape and velocity of the objects. This allows to re-
flect the limitations of real sensors and object tracking
techniques.

3.1 Shape Uncertainty

We define the probabilistic collision cone of ob-

ject Bj relative to object B; to be a function

PCC;; : R* = [0,1] (7)

where PCC;;(v;;) is the probability of B; to collide
with B; if B; moves with velocity v;; relative to B;
(see Fig. 2).

sup(r; +7;)

RS CCij(vs5) =1
$inf(r,— +75)

CCij(vij) =0

Figure 2: Probabilistic collision cone

Uncertainty of the collision cone is induced by un-
certainty in the exact shape of objects. For example if
the radii of the objects are only known by their prob-
ability distributions, we have

PCCj(vij) = Prob |r; +r; > m>ig lci — ¢ + pvi|| -
"

(8)
3.2 Velocity Uncertainty
Furthermore, there may be uncertainty about ob-
ject velocities. Therefore we represent the velocity of
object B; by a probability density function

V; R > RS 9)

0< CCyj(vi5) <1



Now we define the probabilistic velocity obstacle of
object Bj; relative to object B; as a function

PVO;; : R? — [0,1] (10)

which maps absolute velocities v; of B; to the accord-
ing probability of colliding with B;. It is

PVOZ'J' ('l)z) = V](U)PCC,J ('U,' - 'U)dz’l} (11)
R2

which is equivalent to
PVOU = V] * PCCz’j (12)

where * denotes the convolution of two function. No-
tice the structural similarity between Equations 5
and 12.
3.3 Probabilistic Velocity Obstacle

The probability of B; colliding with any other ob-
stacle when traveling with velocity v; is the probability
of not avoiding collisions with any other moving obsta-
cle. Therefore we may define the probabilistic velocity
obstacle for B; as the function

Pvo; =1-[[ (- PVOy). (13)
J#i
3.4 Navigating with Probabilistic VO

In the deterministic case, navigating is rather easy
since we consider only collision free velocities and can
choose a velocity which is optimal for reaching the
goal. But now, we are confronted with two objectives:
reaching a goal and minimizing the probability of a
collision.

Let U; : R2 — [0, 1] a function representing the util-
ity of velocities v; for the motion goal of B;. However,
the full utility of a velocity v; is only attained if (a) v;
is dynamically reachable, and (b) v; is collision free.
Therefore we define the relative utility function

RUiZUi-Di-(l—PVOi), (14)

where D; : R? — [0, 1] describes the reachability of a
new velocity.

Now a simple navigation scheme for object B; based
on probabilistic velocity obstacles is obtained by re-
peatedly choosing a velocity v; which maximizes the
relative utility RU ;.

3.5 Implementation Problems

Objects like probabilistic velocity obstacles as pre-
sented above are continuous functions over R?. There-
fore any implementation has to deal with a discretiza-
tion of the used objects and a restriction to a finite
number of cells per object.

3.5.1 Discretization

Step functions s : R2 — R with s(z,y) = s(z’,y')
for ik < z,z' < (i + 1)k and jr <y,y’ < (j + 1)k are
used for discretization in this paper. In other words we
use functions which are piecewise constant on squares
of size k2, where k is a predefined constant.

For a point p = (z,y) € R?, its discretization is

(e o

Accordingly, for a discretized point p” = (21,22) € Z?
we define its cell as

cell(z1,22) = [21K, (21 + 1)K[ X [22K, (22 + 1)K[. (16)

For any function F' : R — [0, 1] we define the dis-
cretization of F to be the function F° : Z? — [0,1]
with

1
Fo (1, 20) = / v ) dzdy, (7

2
i.e. F”(21,22) is the average of F' on cell(z1, 22)-
Finally, for a discretized function F°,

o(F°) ={(z,y) € 2°| F°(z,y) >0} ~ (18)

denotes the supporting set of F°, which is the set of
cells on which the discretized function does not vanish.
The property

o(F°G®) = o(F®) N o(G®) (19)

is easily shown. Furthermore,

Y 0 = IRZJV(I?)d?z7 (20)

pD EZQ

holds.

3.5.2 Restriction

Now we discuss the restriction problem in the con-
text of navigating object B;. Assuming the velocity
of any other object B; to be bounded or to be known
with bounded error, the supporting set o(V?) is finite.
Therefore, PVO7;(v) can be computed for any v; by
using

PVO3;(vi) = Z Vi (v®)PCCY (v — v7)K2,
vPea(Vy)

(21)

which is the discrete version of Equation 11.

Furthermore, for any real object B; the set o (DY) is
finite, as any bounded acceleration applied to a body



of non-zero mass for a bounded period of time results
in a bounded change of velocity. Since only velocities
from o(RU7) will be considered for navigating B;, and
since o(RU;) C o(D}]), we can restrict velocities to

the finite domain o(RU7).

3.5.3 Algorithm

Combining the results from the previous subsections,
we get
Pvo; =1- ][] - Pvoy) (22)
J#i
and further
RUZ (vi) = D7 (v7)U7 (v )(1 = PVO; (v7))

= D7 w))UF (of) [[( — PYO5;f)) 33)
J#i
for any v? € o(RU7}).
Assuming that V7, PCCy;, D7, and U7 can be
computed in time O(1) (per function call), we can
compute PVO;(v7) in time O(|o(V]7)]) (see Eq. 21)

(3

and RU; (v7) in time O(3;; [o(V})]) (see Eq. 23).
Finally, a discrete velocity v} maximizing RU; can be

found in time

O [ 1e(DP)]- Y 1oV - (24)

J#i

That is to say the dependence of the running time on
the number of obstacles is only linear, but the depen-
dence on the discretization is O(1/k%).

4 Recursive Probabilistic Velocity Ob-
stacles

Traditionally, when navigating a mobile robot
among moving obstacles (like humans), these obsta-
cles’ abilities to avoid collisions and their resulting mo-
tion behaviors are not taken into account. In contrast
to this plain obstacle modeling, recursive modeling
techniques presume the opponents (or more generally,
the interaction partners) to deploy decision making
processes for navigation similar or equal to the own
approach.
4.1 Obstacle Modeling

Obstacles are assumed to perceive their environ-
ment and deduce according reactions, the reasoning
process being similar to that of the robot. That is,
any obstacle B; is assumed to take actions maximiz-
ing its relative utility function RU; (see Equation 14).
Therefore, in order to predict the action of obsta-
cle B;, we need to know its current utility function Uj;,
dynamic capabilities D;, and velocity obstacle PVO;.

The utility of velocities can be inferred by recogni-
tion of the current motion goal of the moving obstacle.
For example, Bennewitz et al. [1] learn and recognize
typical motion patterns of humans. If no global mo-
tion goal is available through recognition, one can still
assume that there exists such a goal which the obsta-
cle strives to approach, expecting it to be willing to
keep its current speed and heading.

By continuous observation of a moving obstacle it
is also possible to deduce a model of its dynamics,
which describes feasible accelerations depending on its
current speed and heading.

Finally, the velocity obstacle PVO; for obstacle B;
is simply computed using the world and self models
of robot B;, assuming similar perception among the
objects.

Using this information, the future motion of an ob-
stacle can be predicted by taking its relative utility
function as a probabilistic description of its future ve-
locity.

4.2 Recursive Modeling

Having such obstacle models as described above,
the predicted obstacle velocities can be used to re-
place the observed velocities in the own obstacle avoid-
ance scheme. Of course this reflective modeling is not
restricted to recursion of depth one by a matter of
principle. However, computational demands will in-
crease heavily with the depth of the recursion, and
intuitively, one does not expect recursion depths of
more than two or three to be of broad practical value,
since such deeper modeling is not observed when we
are walking as human beings among other humans.

Note that such deeper models of moving obstacles
are prerequisite for more sophisticated reflective nav-
igation approaches in order to be able to deceive and
feint particularly malevolent obstacles like deliberate
obstructors. However being dreams of the future, such
potential abilities indicate the importance of reflective
navigation approaches and their investigation.

4.3 Formalization
This section presents a formal approach to recursive

models in the given context, which serves as a basis
for an implementation.

4.3.1 Models of Functions

Let F,G : R?> — [0,1] functions, i,iy,42, -+ € N
Then p; F : R?2 — [0,1] is called the model by agent B;
of F', and p;, s, F' is called the model by agent B;, of
the model by agent B;, of F' and so forth.

We want to be able to accept another argument in
our notation and will write u¢F to denote a depth-



d recursive model of F' by agent B;, which is called
recursive since it may depend on further models of at
most depth d — 1.

The following two rules are introduced for models
of functions. Firstly, agents are modeled as computing
correctly:

pi(FoQ@) =piFouG foroe{+,-,x}. (25)

Secondly, an agent’s model of an own model is the own
model itself:

pipiF = pfF and  pfpF = wF.  (26)

4.3.2 Recursion for Reflective Navigation

With the above definitions, the central proposition of
reflective navigation using probabilistic velocity obsta-
cles can be expressed as

WERU, = piUjpiDj(1 — pap"PVO;) if d > 0,
niUjpiDj else,
(27)
together with

1wplRU; ifd>0,w= [p, ulRU;(v)d*v
u;-iVj = exists, and w > 0,
iV else.

(28)

Equation 27 expresses that each object is assumed to
deduce its relative utility from recursive probabilis-
tic velocity obstacle considerations, while Equation 28
expresses the assumption that objects will move ac-
cording to their relative utility function.

To navigate a mobile robot B; using depth-d re-
cursive probabilistic velocity obstacles, we repeatedly
choose a velocity v; maximizing u¢ RU;. For d = 0,
we get a behavior that only obeys the robot’s util-
ity function U; and its dynamic capabilities D;, but
completely ignores other obstacles. For d = 1, we
get the plain probabilistic velocity obstacle behavior
as described in Section 3. Something new happens
for d > 1, when the robot starts modeling the obsta-
cles as perceptive and decision making.

Figure 3 illustrates a simple depth-2 evaluation ex-
ample with three agents, whereby the tree is evaluated
in postorder. To find its depth-2 relative utility, ob-
ject 0 models the depth-1 relative utilities of the other
objects and deploys them as a prediction of these other
objects’ velocities.

For M = p;, ... p;,, Figure 4 illustrates the general
recursion step with more details. One can see that for
a recursive velocity model (the root node), according

%
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Figure 3: Recursive PVO Evaluation
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Figure 4: Recursive PVO Evaluation

models of utility and dynamic capabilities, as well as
lower depth recursive models of velocities and colli-
sion cones for any other object are required (the leaf
nodes). Leaf nodes may need to be expanded further,
until only plain, non-recursive models remain. There-
fore, the size of a fully expanded evaluation tree will
grow exponentially with increasing recursion depth.

5 Implementation

For the implementation we drop the differentiation
between models by different agents, and write sim-
ply pF for a model of F and u?F for a depth-d re-
cursive model of F. With this simplification, the de-
pendence of the complexity on the recursion depth is
reduced to linear, since the number of models to be
computed is equal on each recursion level. Algorithm 1
gives the details of the implementation. However not
indicated for simplicity, functions are discretized ac-
cording to the approach presented in Section 3.5.1.
5.1 Complexity

We begin the complexity assessment by measuring
the sizes of the supporting sets of the discretized func-



Algorithm 1 RPVO(DEPTH r, n OBJECTS)
1: Input: fori,j=1,...,n,j #1
e object descriptions for PCCj;
e velocities V;
e dynamic capabilities D;
e utilities U;

2: fori=1,...,ndo

3 plVi<V;

4 ,uORUi «— DiUi

5: end for

6: ford=1,...,r do

7. fori=1,...,ndo

8 /LdRUz'(—DiUiHj;éi(].—p,d_lV'j*PCC,’j)
9 w4 [0 ptRU;(v)d?v
10: if w > 0 then

11: ,udVi — (l/w)udRUi
12: else

13: ptVi  pOV;

14: end if

15:  end for

16: end for

17: Qutput: recursive models u?V; and pu?RU;
fori=1,...,nand 0 <d<r

tions used in Algorithm 1. Line 4 implies
o(u’RU7) C (D7), (29)
and from line 8 follows
o(u'RU7) C o(DF) (30)
for d > 0. Line 3 implies
o(u°V?) = a (V) (31)
and from lines 11 and 13 follows
o(p'Vi?) Co(DF) Ua(Vy7) (32)

for d > 0, using the three preceding Equations.

Now we count the numbers of operations used in
the algorithm, which we write down using N; =
lo(D7) U o(V;?)|. Line 8 requires O(N; - 3_,.; N;)
operation (Equation 24). Lines 9, 11, and 13 each
require O(NN;) operations, and are thus dominated by
line 8. Therefore the loop starting in line 7 requires

n

O (Ni ) _Ny) (33)
i=1 j#i
operations, and the loop starting in line 6 requires

n

O(r Y (N: > Ny)) (34)

i=1 i

operations. The complexity of the loop starting in
line 6 clearly dominates the complexity of the initial-
ization loop starting in line 2. Therefore Equation 34
gives an upper bound of the overall time complexity
of our implementation. That is to say the dependence
on the recursion depth is linear, the dependence on
the number of objects is O(n?), and the dependence
on the discretization remains O(1/k%).

5.2 Experiments

Figure 5 shows the situation of an experiment,
where object 0 and object 1 are moving towards
each other with a slight offset. The positions of ob-
ject 0 and 1 are (—1,0.05) and (1, 0), respectively, and
their mean velocities are (0.5,0) and (—0.5,0) with a
bounded conical distribution (maximum difference to
mean is 0.05). Both objects are assumed to be able
to change their velocity in one step by at most 0.15 in
any direction. The utilities are conical distributions,
t00, with their maximums at (0.7,0) and (—0.7,0).

———=—0

y| object0 object 1
T

Figure 5: Experiment Situation

Figure 6 shows the computed models of relative
utility for this situation. Illustrations for the models
of velocity are omitted since they are only scaled ver-
sions of the presented figures. The left (right) column
shows models for object 0 (object 1). The recursive
depth increases from depth 0 at the top line to depth 2
at the bottom line.

The top line show the plain relative utility, obeying
only the capabilities and the goals of the objects. Both
objects aim at accelerating their current motion.

The second line shows the results of a single step
probabilistic velocity obstacle evaluation. Clearly,
moving straight ahead is of low utility, since this will
lead to a collision. Since object 0 is a little bit offset
in the direction of the positive y-axis, we get higher
relative utility for velocities (see the isolines in the
figures) which are offset in the same direction, as ve-
locities with lower y-components which still evade the
collision have lower utility to object 0. The situation
for object 1 is more or less analogous.

Finally, line three shows depth-2 recursive models
of relative utility. Each object assumes the other ob-
ject to be moving according to its depth-1 relative util-
ity.
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6 Discussion

Determining the correct evaluation depth is not ob-
vious. If the time to collision is still large enough,
we can use deeper models to possibly achieve bet-
ter motion coordination. Otherwise, if obstacles and
collisions are imminent, we better give in and use
a smaller depth of recursion. (Imagine a “trial of
courage” scenario where two vehicles are driving to-
wards each other, and the first to perform a collision
avoidance maneuver is the “loser”.) An alternative ap-
proach might try to combine different depth relative
utility models of an object.

Time horizons can be included in the presented ap-
proach in order not to react to heavily on still distant
objects. See the original velocity obstacle works [2] for
details on time horizons.

Oscillations might appear in models for successive
depths. Reconsider the example from Section 5.2 with
both objects facing each other. Assume at depth d,
both objects avoid a collision by deviating to the left
or to the right. Then in depth d+1, none of the objects
will perform an avoidance maneuver, since each ob-
ject’s depth-d model of the other object predicts that
other object to avoid the collision. Subsequently, in
depth d + 2, both objects will perform collision avoid-
ance maneuvers again, an so on.

A rather different aspect of the presented recur-
sive modeling scheme is that it can serve as a basis
for an approach to reasoning about the objects in the
environment. That is to say, one could compare the
observed motion of the objects to the motion that was
predicted by recursive modeling, possibly discovering
relationships among the objects. An example for such
a relationship is deliberate obstruction, when one ob-
ject obtrusively refrains from collision avoidance.

Finally, deeper models of the interaction partners
are required for effectively generating unexpected ac-
tions. If p;U; “differs notably” from U;, but p;u;U; is
“rather close” to p;U;, agent ¢ can detect the differ-
ence between u;4;U; and U; and exploit this situation
by doing something that is unexpected and therefore
unobstructed by agent j.

7 Conclusion

An approach to motion coordination in dynamic
environments has been presented, which reflects the
peculiarities of natural, populated environments: ob-
stacles are not only moving, but also perceiving and
making decisions based on their perception.

The approach can be seen as a twofold extension
of the velocity obstacle framework. Firstly, object ve-
locities and shapes may be known and processed with
respect to some uncertainty. Secondly, the perception

and decision making of other objects is modeled and
included in the own decision making process.

Experimental evaluation has been done on a small
number of static situations only. Implementation on
the robot “MAid” (autonomous wheelchair) for real
world tests as well as investigation of the approach in
a dynamic simulation environment are ongoing.
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