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Abstract

This paper addresses the adaptive tracking control of
°exible joint manipulators based on a singular per-
turbation approach. Comparisons between adaptive
and nonadaptive tracking controllers are given. Ex-
perimental results with the DLR’s light weight robot
are given for the 2 DOF case.

1 Introduction

A lot of research efiort was spent on the derivation of
adaptive control techniques for the tracking problem
of robotic systems. The need for adaption especially
arises in situations where the manipulator’s load is
unknown or varies during the operation. On the
contrary the dynamical parameters of the robot itself
may be assumed to be known in many applications.
Various adaptive controllers designed for robotic
systems with rigid joints have already been analysed
and experimentally verifled [9], [8]. In case of the
tracking problem for systems with °exible joints
some approaches were based on high-gain techniques
or on approximations by the singular perturbation
theory [12]. The singular perturbation approach is
quite promising, because it gives the possibility to
use already proven control methods for rigid robots
also in the °exible case as will be described later on.
Besides these approaches also some global solutions
were obtained based on backstepping-techniques
and passivity theory (see [1] for an overview) as
well as on feedback linearization shemes [5]. Most
of these controllers were tested by simulations, but
only few experimental results can be found in the
literature. However, while the global solutions seem
much more attractive from a theoretical point of
view, the resulting controllers are quite complicated
and therefore may be di–cult to implement on
systems with many degrees of freedom.
In this paper the singular perturbation approach is
followed together with the adaptive tracking control
law of Slotine and Li [10], which was designed for
rigid joint robots. The resulting adaptive controller
was experimentaly verifled and compared to the
corresponding nonadaptive controller in case of a
signiflcant model uncertainty. The experiments were

Figure 1: DLR’s light-weight robot, carrying a load.

conducted with two joints of the DLR’s light-weight
robot [3]. This robot is equipped with joint torque
sensors, enabling an acurate torque control despite
of a high gear ratio. A dumbbell at the endefiector
was used as an unknown load for the experiments.
The paper is organized as follows: Section 2 presents
the considered model of a °exible joint robot. In
section 3, the singular perturbation theory and its
use for the analysis of °exible joint robots will be
outlined. Section 4 treats the controller design based
on the singular perturbation model. In section 5 the
adaptive and nonadaptive tracking controller are
given. Section 6 presents the experimental results.
Finally some conclusions are presented in section 7.



2 Dynamical Model

For this comparative study a simplifled model of a
°exible joint robot without damping and friction1 is
considered as proposed by [11]:

M(q)q̃ +C(q; _q) _q + g(q) = ¿ ; (1)

Jµ̃ + ¿ = ¿m ; (2)

¿ = K(µ ¡ q) : (3)

Here, M(q) is the positive deflnite mass matrix,
C(q; _q) _q is the vector of coriolis and centripetal
torques, g(q) is the vector of gravitational torques, J
is a diagonal matrix containing the motor inertias, q
is the vector of link positions, µ is the vector of motor
positions, ¿ is the vector of transmission torques, K
is a diagonal matrix containing the stifinesses of the
joints and ¿m is the vector of motor torques which
will serve as control inputs.2

Before this system is analyzed based on a singu-
lar perturbation approach, a well known property
of the rigid-body part of the model, which is the ba-
sis for most of the adaptive control techniques, shall
be given here without proof. This is, (1) depends
linearly on a set of properly chosen dynamical pa-
rameters p ([6], [2]):

M(q)q̃ +C(q; _q) _q + g(q) = Y (q; _q; q̃)p : (4)

These dynamical parameters consist of linear com-
binations of the physical parameters of the system.3

The matrix Y is often called the regressor-matrix and
is usually assumed to be known, while the dynamical
parameters may be considered to be unknown.
In the next section the singular perturbation theory
and its application for the model (1)-(3) will be de-
scribed.

3 Singular Perturbation Model for Flex-
ible Joint Manipulators

Herein only the basic idea of the singular perturba-
tion theory shall be given as far as it concerns the
following controller design. A more comprehensive
treatment of this theory can be found in [4].

3.1 Singular Perturbation Theory

The singular perturbation theory was designed in or-
der to analyse models which depend on a small scalar
parameter † and can be written as follows:

_x = f1(x; z; †; t) ; (5)

† _z = f2(x; z; †; t) : (6)

1It is assumed that the damping may be neglected and
friction is compensated adequately.

2Some of the arguments may be obmitted in the following.
3The term physical parameters denotes the masses, inertias

and flrst moments of individual rigid bodies.

For small values of †, the system has a so called two-
time-scale-property. This means that the system can
be virtually split up into two coupled subsystems,
which describe a faster and a slower part of the sys-
tem. The singular perturbation theory then allows
to make stability conclusions out of the properties
of the seperated subsystems which can be obtained
when the parameter † tends to zero4.
Letting the parameter † tend to zero, which means
that (6) is considered in steady state5 zj†!0 =
h(x; t), gives the so called steady-states-system on
the one hand:

_x = f1(x;h(x; t); 0; t) : (7)

On the other hand, by perfoming a change of coor-
dinates

y = z ¡ h(x; t) (8)

as well as a change of the time base by introducing
a new time variable ” = (t ¡ t0)=† one gets the so
called boundary-layer-model. Here the slowly varying
variables x and t are treated as constant with respect
to the fast time base ”:

dy

d”
= f2(x;y + h(x; t); 0; t) : (9)

Here the new variable y is the deviation of the fast
variable z from its quasi steady state h.
Equation (7) and (9) can serve as a starting point
for some stability analyses. In the following the con-
troller design of the °exible joint model (1)-(3) will
be based on Tychonov’s theorem. We give only the
core statement of Tychonov’s theorem here without
giving all the technical conditions for brevity6.

Core statement of Tychonov’s Theorem: Assume
that the steady-state-system (7) has a unique solu-
tion xs(t) deflned on a time interval [t0; t1]. Assume
further that the boundary-layer-model (9) is expo-
nentially stable and its solution is denoted by ys(t).
Then there exists a positive constant †⁄ such that for
† < †⁄ the system (5)-(6) has a unique solution x(t),
z(t) and the deviation of x(t) from xs(t) is of order
† on the time interval [t0; t1]

x(t; †)¡ xs(t) = O(†) :

Additionally, also

z(t; †)¡ h(x(t); t)¡ ys(t) = O(†)

holds on the time interval [t0; t1].
It is important to notice here that also stronger state-
ments may be concluded based on singular perturba-

4similarly to the analysis of cascaded control systems in
the linear case

5The situation, when † is set to zero will be called quasi

steady state in the following.
6The precise statement of Tychonov’s theorem and its

proof can be found in Theorem 9.1 of [4].



tion theory, but this would require then exponential
stability of the steady-state-system too. In case of
the adaptive control problem for a robotic manipu-
lator this could be ensured only with a considerably
more complex adaption law than the one that will
be used in this work [7].

3.2 Application to the Flexible Joint Manip-
ulator

For the use of the singular perturbation theory in
case of the °exible joint manipulator model, we fol-
low the approach proposed by Spong [12].
In order to analyse the system (1)-(3), we perform a
change of coordinates. As new coordinates we choose
the joint angles q and the joint torques ¿ as well as
their flrst derivatives with respect to time. Therefore
we may substitute K(µ¡q) = ¿ and µ̃ = K¡1¿̃ + q̃
in (2).
Notice that these coordinates then correspond to the
coordinates x and z of the general case in (5)-(6) via

x = [qT ; _qT ]T and z = [¿T ; _¿T ]T .
The connection to the singular perturbation theory
is introduced by taking account of the fact that the
stifiness K of the joint is usually relatively high. So,
we may replace it formally by K = K1

†2
. A small

value of † then represents a big value of the stifiness
of the joints. With this substitution we get a model
in singular perturbation form7:

Mq̃ +C _q + g = ¿ ; (10)

†2¿̃ +K1(J
¡1 +M¡1)¿ =

K1J
¡1¿m +K1M

¡1(C _q + g) : (11)

The quasi steady state value h of ¿ is given by:

h(q; _q) = ¿ j†!0 =

(I + JM¡1)¡1(¿mj†!0 + JM¡1(C _q + g)) :(12)

The steady-state-model and the boundary-layer-
model can then be derived from (10)-(12).

The Steady-State-Model. The steady-state-
model follows from (10) and (11) when the parameter
† is set to zero:

(M + J)q̃ +C _q + g = ¿mj†!0 = ¿m;slow : (13)

Herein ¿m;slow denotes the part of the control input,
which remains when † tends to zero.

The Boundary-Layer-Model. For the deriva-
tion of the boundary-layer-model we introduce the
new coordinates y (as it was done in (8)):

y = ¿ ¡ h(q; _q) :

7If we additionally assume that the motor torque ¿m is a
function of the state [xT ;zT ]T only.

Therefore y corresponds to the deviation of the ac-
tual torque vector from its quasi steady state value.
As it was done in the general case, we substitute
these new coordinates into (11), introduce the fast
time scale ” = t=† and neglect all derivatives of
h(q; _q) with respect to ”. This leads to

d2y
d”2 +K1(J

¡1 +M¡1)(y + h) =

K1J
¡1¿m +K1M

¡1(C _q + g) (14)

Using the identity (from (12))

(J¡1 +M¡1)h = J¡1¿m;slow +M¡1(C _q + g)

we flnaly get the boundary-layer-model:

d2y

d”2
+K1(J

¡1 +M¡1)y = K1J
¡1¿m;fast ;

¿m;fast = ¿m ¡ ¿m;slow : (15)

Physical Interpretation. As one can see from
(13) and (15), by applying the singular perturba-
tion approach to the model of a °exible joint robot,
one gets two subsystems which may be controlled
seperately. Therefor the motor torque was split up
into a slow and a fast part ¿m;slow and ¿m;fast, cor-
responding to the control inputs of the two subsys-
tems. While the boundary-layer-system, which de-
scribes the torque dynamics in the new variables y,
is linear, the steady-state-system has the form of an
equivalent rigid-body model, which one would also
obtain by neglecting the torque dynamics. Therefore
classical controller methods from rigid-body robotics
may be applied to the slow steady-state-model.
According to Tychonov’s theorem, our goal for the
controller design is to get an exponentially stable
boundary-layer-system on the one hand. On the
other hand, convergence of the tracking error is de-
sired for the steady-state-system. Notice that, out
of Tychonov’s theorem, we can only ensure that our
tracking error will not deviate more than of order
O(†) from its quasi steady state on a flnite time in-
terval. Also this conclusion is valid for a su–ciently
small value of † only, which means that the boundary-
layer-system has to be considerably faster than the
steady-state-system.

4 Controller Design

In most of the previous works on adaptive control
based on a singular perturbation approach, the fast
part of the motor torque was chosen as a term of
the form †Kd _y, while the slow part was designed ac-
cording to an adaptive control law for a rigid robot
model. Notice that the term †Kd _y may be modi-
fled to †Kd _¿ because the derivatives of h with re-
spect to the fast time variable ” are neglected in the
boundary-layer-system.

¿m = ¿ rigid ¡ †Kd _¿ (16)



The problem with this approach is that this control
law does not improve the boundary-layer-dynamics,
but only adds damping to it. If one instead tries
to include also a feedback term of the form Kpy =
Kp(¿ ¡ h), one would have to compute the quasi
steady state of the torque h explicitly, which is not
possible due to unknown parameters of the model in
(12). In the following, a modiflcation of the rigid
control part ¿ rigid is proposed such that the compu-
tation of h can be avoided and the control law can
be decomposed as

¿m = ¿ rigid;mod ¡Kp¿ ¡ †Kd _¿ : (17)

Formally, in (17) the term ¡Kp¿ was used instead of
the desired term ¡Kpy. In the following the closed
loop steady-state-system and boundary-layer-system
are given for this control law and it is shown how
the above mentioned modiflcation of the controller
afiects the design of ¿ rigid;mod.

4.1 Controlled Steady-State-System

The slow part of the control input ¿m;slow for (13)
follows, when we consider the steady state of ¿ and
therefore set † in ¿m from (17) to zero.8 This leads
to

¿m;slow = ¿ rigid;mod ¡Kph : (18)

From (2), (3) and (18) it can be seen that the follow-
ing relation holds when † is set to zero:

¿ j†!0 = h = (I +Kp)
¡1(¡Jq̃ + ¿ rigid;mod) : (19)

Using this relation and (13), we flnally get the fol-
lowing steady-state-system now:

(M + (I +Kp)
¡1J)q̃ +C _q + g =

(I +Kp)
¡1¿ rigid;mod : (20)

The vector function ¿ rigid;mod can now be chosen as
¿ rigid;mod = (I + Kp)¿ d with ¿ d as a new control
input, which can be designed according to an adap-
tive control law for rigid robots as will be described
in section 5.
Notice that ¿ d does not correspond to the steady
state value of the boundary-layer-system as can be
seen from (19). Now the feedback law can be writ-
ten in the form

¿m = ¿ d ¡Kp(¿ ¡ ¿ d)¡ †Kd _¿ : (21)

4.2 Controlled Boundary-Layer-System

The new boundary-layer-system follows directly from
(15) with (17) and (18):9

d2y

d”2
+K1J

¡1Kd

dy

d”
+K1J

¡1(I+JM¡1+Kp)y = 0 :

8this also means y ! 0
9Again the derivatives of h(q; _q) with respect to ” are ne-

glected ( dy
d”

= d¿
d”

).

Now the matrices Kp and Kd may be used for shap-
ing the dynamics of the boundary-layer-system in or-
der to obtain exponential stability according to Ty-
chonov’s theorem.

5 Tracking Control Laws

For this comparison the well known adaptive con-
trol law from Slotine and Li [9] will be adopted for
the control of the steady-state-model (20). First the
nonadaptive control law without any parameter un-
certainty will be presented, then the adaptive case
will be treated.
The goal of the adaptive tracking control law is to
ensure convergence of the actual joint trajectories
q(t) to a given desired trajectory qd(t) even if the
dynamical parameters p of the model are (at least
partially) unknown. It is assumed that qd, _qd, and
q̃d are all available.
The symbols _qr and s shall denote a reference veloc-
ity and a reference velocity error as follows.

s = _q ¡ _qr (23)

_qr = _qd ¡ ¡(q ¡ qd) (24)

Herein ¡ is a constant and positive deflnite matrix.
We will also substitute M(q)+(I+Kp)

¡1J = A(q)
in the following for brevity.

5.1 Without Parameter Uncertainty

In the case of no parameter uncertainty, we consider
the tracking control law proposed by Slotine and Li
[9]:

¿ d = ¡Kss+ Y mp (25)

where the matrix Y m is a regressor corresponding to

A(q)q̃r +C(q; _q) _qr + g(q) = Y mp

and the matrix Ks is positive deflnite. Notice that
the regressor here is modifled compared to the one in
(4). In case of no parameter uncertainty this control
law ensures asymptotic convergence of the tracking
error q ¡ qd. The proof of this statement can be
found in [10] or [8] and shall be obmitted here.

5.2 Adaptive Case

In case of parameter uncertainties we will distinguish
between a set of known and a set of unknown param-
eters, pknown and punknown, respectively. Therefore,
we split up our regressor into two parts:

Y mp = Y m;1pknown + Y m;2punknown :

In the tracking control law we replace the unknown
parameters by their guessed values p̂unknown and add
a proper adaption law [9]:

¿ d = ¡Kss+ Y m;1pknown + Y m;2p̂unknown ; (26)

_̂punknown = ¡KaY
T
m;2s : (27)



Here the matrix Ka is a positive deflnite matrix
which contains the gains of the adaption. Again this
contol law ensures convergence of the tracking error
q ¡ qd for the steady-state-system ([10], [9]).

Modifled Adaption Law. In order to get some
robustness to measurement noise10 and to (unmod-
eled) Coulomb friction, a dead zone was added in the
adaption law (27).

_̂punknown =

‰

¡KaY
T
m;2s jjsjj2 > c0

0 else
: (28)

6 Experiments

The above described adaptive controller was tested
with the DLR’s light weight robot. Only two of the 7
joints of the light weight robot (joints number 2 and
4, which are dislocated from the outstreched conflg-
uration in flgure 1) were used in order to keep the
complexity low. For the modeling uncertainty we at-
tached an additional load of 5.1 kg to the last link of
the robot. Therefore, the rigid robot model can be
split up into one part containing all the known dy-
namical parameters of the robot and another part
with the dynamical parameters of the load which
are assumed to be unknown. The parameters of the
robot itself were obtained from CAD data.
In this 2-DOF case the unknown parameters of the
load are

punknown = [ml; nx; ny; Cl]
T ;

where ml is the mass, nx and ny are flrst moments,
and Cl is the inertia of the load.
The elasticity of the joints is caused mainly by har-
monic drive gears.
The torque controller parameters were chosen as

Kp = 2I

and
†Kd = diag(0:0132; 0:0187) :

The adaption gain matrix Ka was chosen as a diag-
onal matrix and was tuned manually:

Ka = diag(0:004; 0:0004; 0:0002; 0:0002) :

The controller gain matrix Ks was chosen as

Ks = A(q)known¡

with
¡ = 12I

and A(q)known = A(q)jpunknown=0.
In the flrst experiment we chose the desired trajec-
tory to be periodic, as a composition of three sinu-
soids. The frequencies and amplitudes of these si-
nusoids were chosen randomly for each of the two
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Figure 2: Desired trajectory for experiment 1.
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Figure 3: Tracking error without adaption.

joints in order to get a good excitation11 of all un-
known parameters. The desired trajectory is given
in flgure 2. The joint position at zero corresponds to
the outstretched conflguration of the robot. Figure 3
and flgure 4 show the tracking errors s of both joints
for the nonadaptive and the adaptive controller re-
spectively. In case of the nonadaptive controller the
unknown parameters were set to zero in the con-
trol law. The evolution of the guessed parameters
p̂unknown is depicted in flgure 5. As one can see from
these graphs, the tracking errors were improved sig-
niflcantly due to the adaption. Also the parameter-
adaption occures mainly in the flrst period of the

11Corresponding to the persistent excitation condition in
equation 8.91 of [10].




